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Objective 
 
The objective of this project is to provide a comprehensive understanding of the Monte Carlo 
numerical method, explain why/how it is commonly applied to the analysis of radiative heat 
transfer systems, discuss its inherent advantages and disadvantages, and finally to compare 
results obtained using this method to those obtained using conventional analytical solutions. Due 
to time constraints, no new simulations were able to be conducted during the course of this 
project. However, existing data was gathered and compared such that a comprehensive 
understanding of the Monte Carlo method could still be developed, and conclusions about the 
methods application to radiative heat transfer problems could be made. 
 
Literature Review 
 
This project began by reviewing existing literature in order to develop a foundation for the 
historical development of the Monte Carlo method and its application to radiative heat transfer 
problems. This section presents an edited and shortened version of the original literature review, 
suitable for this report. 
 
In Monte Carlo Methods,1 Handscomb and Sharpe provide information about the origin of the 
Monte Carlo method. The name and the systematic development of the method dates back to 
1944, although some experimental testing involving crude mathematical sampling, that could 
later be described as Monte Carlo sampling, were conducted in the second half of the 19th 
century. Monte Carlo techniques were first formally used as a research tool to model neutron 
diffusion in fission material during World War II, aiding in the development of the atomic bomb. 
In 1961, Fleck first applied the Monte Carlo method to thermal radiation problems in The 
Calculation of Nonlinear Radiation Transport by a Monte Carlo Method.2  
 
In Radiative Heat Transfer, Modest3 draws attention to the fact that during a typical Monte Carlo 
simulation, somewhere in the range of 105 – 107 random numbers need to be drawn very rapidly. 
Storing such a sample of random numbers is both computationally expensive and potentially 
jeopardizes the true randomness of the numbers. Therefore, successful Monte Carlo methods rely 
heavily on the implementation of efficient pseudo-random number generators – which are in 
themselves a focus of mathematical and statistical researchers. Shreider devotes the final two 
chapters of Method of Statistical Testing: Monte Carlo Method4 to discussing the challenge of 
generating pseudo-random numbers. The most well-known algorithms (at least in the 1960’s) for 
generating uniformly distributed pseudo-random numbers are discussed. Shreider also outlines 
the criteria for testing the quality of the generated numbers. Methods for generating random 
numbers from noise generator circuits and by counting particles emitted by radio-active sources 
are also considered. Deng et al. provide a more modern discussion of pseudo-random number 
generation in Developments in pseudo-random number generators: Pseudo-random number 
generators.5 Recent developments in pseudo-random number generators with nice properties 
such as high-dimensional equi-distribution, efficiency, long period length, portability, and 
efficient parallel implementations are analyzed.  
 
Modest3 further explains that, due to the random, statistical nature of the Monte Carlo technique, 
in order to achieve good spatial resolution, a very large numbers of rays (i.e. often 109) must be 
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emitted and traced. Therefore, even with modern computational tools, it is imperative that Monte 
Carlo implementations be as numerically efficient as possible. In The Monte Carlo Method in 
Radiative Heat Transfer,6 Howell discusses how Monte Carlo simulations are particularly suited 
for parallel computation. Essentially, because each energy bundle can be treated individually, 
each bundle history can be handled on a single processor. So naturally the more processors that 
are available, the more packets can be simulated simultaneously. Howell6 makes the point that 
due to this property of Monte Carlo simulations, and the fact that modern computer speed is 
increasing rapidly, that the Monte Carlo method “stands an excellent chance of emerging as the 
dominant choice for treating radiative heat transfer”.  
 
Finally, another interesting element of Monte Carlo simulation that has been established in 
literature is energy partitioning. This involves partitioning individual energy bundles to alleviate 
the fact that the Monte Carlo method becomes extremely inefficient for open configurations 
and/or highly reflective surfaces. This was first applied in 1973 by Shamsundar et al. in Monte 
Carlo Radiation Solutions—Effect of Energy Partitioning and Number of Rays.7 In this study, 
before determining a direction of emission, the energy of the bundle was split into two parts: the 
part leaving the enclosure through the opening and the rest which will strike a surface. A 
direction is then determined, limited to those that make the bundle hit an enclosure surface. The 
procedure is repeated after every reflection. This method guarantees that each bundle will 
contribute to the statistical sample for exchange factor evaluation. A more general energy 
partitioning scheme was applied by Modest in Determination of radiative exchange factors for 
three dimensional geometries with non-ideal surface properties.8 The method provided here adds 
to the statistical sample of the exchange factor being calculated after every tracing and therefore 
leads to faster convergence for highly reflective surfaces. 
 
General Principles of the Monte Carlo Method 
 
In its simplest form, the term “Monte Carlo method” refers to a broad range of experiments in 
which random measurements or calculations are repetitively sampled using computer algorithms. 
This ultimately allows for a simple, random computer model to accurately describe a complex, 
deterministic process. Perhaps the best was to develop an intuitive understanding of the general 
principles behind the Monte Carlo method is to analyze a simple example. Consider the 
following 2D geometry in which a circle with a radius 𝑟	 = 	1, centered at the origin, is inscribed 
by a square with side lengths 𝑙	 = 	2, as shown in Figure 1. 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 1: Pi Approximation Geometry 
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In this example, a very primitive form of the Monte Carlo method can easily be applied such that 
the value of 𝜋 can be estimated. This is done by repeatedly drawing random points in the range 
−1 ≤ 𝑥 ≤ 1	, −1 ≤ 𝑦 ≤ 1. It can easily be determined whether each random point exists within 
the circle or not. Therefore, the total number of random points drawn, 𝑁, can be split into two 
separate totals, 𝑁/0 and 𝑁123. While the value of 𝜋 itself is considered to be unknown in this 
problem, an analytical expression for 𝜋 that includes 𝑁/0 and 𝑁123 can be created. That is, the 
ratio of the area of the circle to the area of the square, 𝑝, is represented as: 
 

𝑝 = 	
𝜋𝑟5

𝑙5 = 	
𝜋
4 

 
Similarly, if a sufficient number of random points are sampled, the ratio 𝑝 can also be 
represented as: 
 

𝑝 ≈ 	
𝑁/0

𝑁/0 + 𝑁123
 

 
Therefore, the approximation of 𝜋 is found to be: 
 

𝜋 ≈ 4 ∗
𝑁/0

𝑁/0 + 𝑁123
 

 
This crude application of the Monte Carlo method shows just how simple a calculation of a 
complicated quantity can become. A very simple MATLAB code (found in Appendix II) was 
written to visualize this calculation. Figure 2 show examples of 10;, 10<, and 10= random 
points being plotted.  
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Plotted Points for N = 103, 104, 105 
 
 
At this point, it becomes intuitively obvious that the accuracy of the result from a Monte Carlo 
simulation will be largely dependent on the number of random samples taken. That is to say in 
this case, the error between the approximation of 𝜋, and the true value of 𝜋 will decrease as 
𝑁	increases. Figure 3 shows how this error decrease as 𝑁 increases from 10< to 10>. It is also 



 4 

easily seen that the error does not monotonically decrease steadily. That is to say, the error itself 
fluctuates randomly due to the random nature of the points being considered. Future sections will 
further discuss this challenging behavior of the error convergence.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3: Convergence History for Pi Estimation 

 
 
Application to Radiative Heat Transfer in Enclosures 
 
Very few exact, closed solutions to thermal radiation problems exist. Under most circumstances, 
solutions to thermal radiation problems must be found numerically. For surface exchange 
problems, radiative transfer is governed by integral equations. These may be solved numerically 
by employing numerical quadrature, or they may be solved more approximately by using the 
“net radiation method”. However, as the geometry of the problem becomes more complex, and if 
radiative properties vary with direction, traditional numerical quadrature methods quickly 
become unrealistic. It is in these cases that the Monte Carlo method becomes an excellent 
candidate for solving radiative heat transfer problems. 
 
The Monte Carlo method is applied to radiative heat transfer in an enclosure by discretizing 
radiation into specific “photon bundles” or “rays”, tracing the history of each ray until it is 
completely absorbed, and ultimately counting the destinations of each ray (analogous to 𝑁/0 and 
𝑁123 of the 𝜋 estimation example) such that radiative exchange factors between surfaces can be 
calculated. These exchange factors can then be used with conventional, analytical computations 
to determine quantities of interest, namely surface temperatures and surface heat fluxes. More 
specifically, Modest3 provides the following governing equation for the radiative heat flux at a 
specific surface, in the absence of participating medium and assuming a refractive index of unity: 
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The generalized exchange factor, 𝐹@AB→@A, is defined as the fraction of the total energy emitted 
by 𝑑𝐴F that is absorbed by 𝑑𝐴, either directly or after any number of reflections (it should 
therefore be noted that this quantity is distinctly different from a general “view” factor, which is 
a purely geometric quantity). Since the exchange factor is ultimately a ratio of different groups of 
emitted rays, it is a particularly well-suited quantity for the ray-tracing technique employed via 
the Monte Carlo method.  
 
However, as seen in the simple example of a Monte Carlo estimation of 𝜋, even as the number of 
traced rays becomes very large, there will always be statistical fluctuations in the results due to 
the random nature of the ray tracing. This can lead to results of non-physical exchange factors (a 
problem that was not encountered in the simple 𝜋 estimation example.) Essentially, since all 
emitted energy must go somewhere, and since the net exchange between two equal temperature 
surfaces must be zero, the rules of summation and reciprocity must always hold. That is to say: 
 

 
 

 
 
 
 
Therefore, effective and accurate radiative heat transfer computer codes that employ Monte 
Carlo ray-tracing techniques must also employ certain “smoothing schemes” that ensure both the 
reciprocity and summation rules are satisfied. 
 
Additional Considerations 
 
One of the most important considerations under the Monte Carlo method is the ability to produce 
a large amount of reliable random numbers. As discussed in the literature review, the Monte 
Carlo method will always be inherently dependent on the ongoing advancements in the field of 
pseudo-random number generation. This is because for each emitted ray, it is necessary to 
determine a point of emission, a direction of emission, and a wavelength of emission. Then, upon 
impact of the ray onto another surface in the enclosure, it must be decided whether the ray is 
reflected and, if it is, at which direction the reflection occurs. Therefore, it is crucial that an 
implementation of the Monte Carlo method can rapidly draw truly “random” numbers; a goal 
which will always present itself to be a difficult challenge while using strictly deterministic 
devices called computers. 
 
Another consideration of the Monte Carlo method, specifically with regards to its application to 
radiative heat transfer, is how it compares to other methods. This will be investigated 
quantitatively in the next section, but qualitatively it can be said that the computational cost of 
the Monte Carlo method increases at a much slower rate as the complexity of the problem 
increases, as compared to conventional analytical methods. This idea is represented in Figure 4. 
In other words, one of the main advantages of the Monte Carlo method is that, once a dependable 
code has been developed, the complexity of the problem can be increased with an approximately 
linear effect on the computational time required to solve the problem. However, for simple cases, 
the initial cost of developing a reliable Monte Carlo solver may prove to be more expensive than 
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simply using a traditional analytical solution. Unfortunately, the theoretical point of intersection 
between these methods cannot simply be calculated. That is to say, in applications with 
“moderately complex” problems of radiative heat transfer, it may not always be entirely clear 
which approach will be the most efficient.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Qualitative Comparison of MC Method and Conventional Solution Techniques 
 
The final consideration to make is about how many samples, or in the case of radiative heat 
transfer – how many rays, are necessary to compute/trace. As previously seen in the example of 
approximating the value of 𝜋, the error between the Monte Carlo solution and the ‘true’ solution 
decreases as the number of samples increases, however due to the statistical nature of the 
method, the solution will inherently fluctuate. That is to say, similarly to the previous point of 
computational cost, there is no way to directly calculate how many samples are necessary to be 
within a given tolerance of the ‘true’ solution. As a broad estimate, it is safe to say that a 
minimum of 103 samples must be taken, even for the simplest of problems. 109 samples is a 
much more common goal, if the necessary computational resources are available.  
 
Comparison to Traditional Methods 
 
The original plan for this project was to use FORTRAN to develop a basic Monte Carlo solver 
for diffuse radiative heat transfer in a gray 2D enclosure using the methodology described in the 
previous section. However, to stay in alignment with a current graduate research project, it was 
necessary to instead work with an open source software package called MONT3D. Simply 
obtaining, debugging, compiling, and learning about this code ultimately proved to be very time 
consuming, and no numerical simulations were able to be run during the course of this project. 
Nonetheless, results from Different Methods for Calculating a View Factor in Radiative 
Application by Hajji et al9. have been analyzed and are shown here such that this project can still 
be closed with specific, quantitative conclusions. 
 
This paper considered the view factor between fins and in-plane, parallel semi-cylinders (a very 
relevant configuration in the application of heat power plant systems.) This geometry is shown in 
Figure 5.  
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Analytical calculations, Hottel’s crossed string method, and the Monte Carlo method were all 
used to compute view factors for this configuration. The fins were sub-divided into differential 
strips, as shown in Figure 6, such that each method could specifically calculate the view factor 
between the semi-cylinder and each part of the fin. Various semi-cylinder radii and fin lengths 
were also considered. While these various configurations produced view factors of differing 
magnitudes, the differences between the view factors produced by the three different methods 
were largely constant. Figure 7 shows an example of these results. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7: Quantitative Comparison of MC Method and Conventional Solution Techniques 
 
It is clear that as the distance from the semi-cylinder increases, the view factors from the three 
different methods all converge to approximately the same value. However, near the semi-
cylinder, they produce extremely different results. That is to say, in an application that only had 
very short fins, the total view factor would be very sensitive to what method was used to 
calculate the view factor. The paper ultimately concludes that the crossed string method 
struggled to accurately compute view factors when the semi-cylinder radius increased, the 
analytical calculation struggled to accurately compute view factors from a short fin (i.e. near the 
semi-cylinder), and that the Monte Carlo method was the optimal method for all semi-cylinder 
radii and fin lengths, but that a very large number of rays needed to be traced in order to 
sufficiently decrease the statistical fluctuations of the solution. 

Figure 6: Sub-Divided Fins Figure 5: Semi-Cylinder and Fin Geometry 
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Conclusions 
 
The Monte Carlo numerical method is a process in which many samples are measured, such that 
a complicated, deterministic process can be accurately modeled by a simple, random simulation. 
This is readily applied to the application of radiative heat transfer in enclosures where individual 
rays can be traced such that useful exchange factors can be approximated. While the accuracy of 
the solution will generally increase as the number of samples/rays increases, the solution will 
also always exhibit stochastic fluctuations. Therefore, while this method can be very robust and 
accurate, there will always exist a degree of uncertainty as to how accurate it can be, and what 
amount of computational cost it requires. 
 
This project has also established that a baseline level of complexity and computational cost is 
required to apply the Monte Carlo method to even the simplest of problems. It can therefore be 
said that in simple cases of radiative heat transfer in an enclosure (i.e. diffuse radiation, 2D 
geometry, no participating medium, etc.), traditional methods, such as analytical derivations and 
Hottel’s crossed string method, will be sufficiently accurate and likely the most efficient. 
However, as the complexity of the problem increases (i.e. non-diffuse radiation, 3D geometry, 
participating medium, etc.), then the Monte Carlo method will ultimately be the preferred 
analysis method since it requires minimal modifications and minimal additional computational 
cost to be extended to increasingly complex problems.  
 
In Different Methods for Calculating a View Factor in Radiative Application, Hajji et al9 verify 
this conclusion by investigating a “sufficiently complex” geometry such that the advantage of the 
Monte Carlo method, as compared to analytical derivations and Hottel’s crossed string method, 
can be directly measured. Such an example is strong evidence of both the continuing 
development of the method and its inherent usefulness, especially as modern computational tools 
continue to progress, therefore minimizing the baseline level of computational cost required for 
successful Monte Carlo calculations. So, although the Monte Carlo method can ultimately be 
described as “a method in which random numbers are put in, and random answers come out”6 it 
clearly still possesses the ability to successfully model complex forms of radiative heat transfer. 
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Appendix II: MATLAB Code for Monte Carlo Pi Approximation 
 
 
 


