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Problem 1. Consider the data in the table below, representing measurements of a
population over the previous decade; t is the year and p(t) the population (in billions).

(a) Using a code of your own, find the coefficients of the (global) interpolating polynomial
of degree four in t, p4(t) that interpolates the population. Plot this polynomial (just as
obtained, using the standard form) in the range t ∈ [2000, 2008]; use a discretization
with step size 4t = 0.5 for this plot. Mark the data points in the table with a visible
symbol (use a star, for example).

(b) To check your results, in case you are not happy with the previous plot, investigate
the use of the built-in Matlab functions polyfit and polyval. Create the same plot as
above using the values that the latter function returns at your discretization times.

(c) Explain why you experience numerical problems when computing these interpolants.
Can you think of solutions to these problems? Please state clearly what can be done,
then put your solution (or solutions; there are several approaches you can take) to
work and draw the graph you obtain by implementing it.

Solution.

(a) The coefficients of the global interpolating polynomial can be found by constructing
and solving the Vandermonde matrix. This results in:

p(t) = (1.648e5)x4 − (1.321e9)x3 + (3.969e12)x2 − (5.300e15)x + (2.654e18).

Plotting this polynomial, evaluated at t ∈ [2000, 2008] using a step size of 4t = 0.5,
against the original data, results in the following plot:
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(b) Matlab’s built-in function ‘Polyfit’ performs a similar process and returns a nearly
identical polynomial:

p(t) = (1.649e5)x4 − (1.321e9)x3 + (3.969e12)x2 − (5.300e15)x + (2.654e18).

Plotting this polynomial, evaluated at t ∈ [2000, 2008] using a step size of 4t = 0.5,
against the original data and the polynomial found in Part A, results in the following
plot:
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(c) Although the previous two plots may look reasonably accurate at first glance, they
actually have relatively large errors (this is not easily seen because the vertical axis
is scaled to ∗108). In fact, the least squares error between the polynomial found in
Part A (using the Vandermonde matrix) and the original data is E2

V an = 596, 992
and the least squares error between the polynomial found in Part B (using Polyfit)
and the original data is E2

Poly = 31, 949, 414. These large errors are a result of
the Vandermonde matrix being ill-conditioned. This means that the numerical
results will be inaccurate. Matlab even provides warnings about this; when the
Vandermonde matrix was solved it warned ‘Matrix is close to singular or badly scaled.
Results may be inaccurate’ and when Polyfit was called, it warned ‘Polynomial is
badly conditioned. Add points with distinct X values, reduce the degree of the
polynomial, or try centering and scaling as described in HELP POLYFIT.’

One way to avoid solving an ill-conditioned matrix and reduce the corresponding
polynomial error is to, as Matlab suggests, center and scale the data when using
Polyfit. This results in the polynomial:

p(t) = (1.648e7)x4 + (1.808e7)x3 − (7.594e6)x2 + (4.309e6)x + (2.932e8).

Finding the least squares error between this polynomial and the original data gives
a much lower error of E2

Poly+Center/Scale = 8.527e(−15). However, the interpolating
polynomial can be calculated exactly, and without solving an ill-conditioned matrix,
by using the Lagrangian interpolating polynomial. Using the function I created on
Homework 4 to do this results in E2

Lagrange = 0. Plotting these new polynomials
against the original data results in the following plot:

See the following script, and the Lagrange interpolation function, for details of how
all polynomial coefficients, errors, and plots were created.
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%MATH3340 - 02
%Final Project
%Problem 1
%David Tobin

clear
clc
close all
set(0,'defaultAxesFontSize',15)

t = 2000:2:2008; %t data
p = [0.2812 0.2855 0.2932 0.3001 0.3653]*10^9; %p(t) data
n = length(t); %Size of data set
t_plot = 2000:0.5:2008; %t discretization for plots

%Vandermonde Matrix Method
van = zeros(n); %Construct vandermonde matrix
for i = 0:n-1
    van(:,i+1) = t.^i;
end
coeffs_van = fliplr((van\p')'); %Solve Vandermonde matrix
p_van = polyval(coeffs_van,t_plot);
error_van = sum((polyval(coeffs_van,t)-p).^2)/n; %Vandermonde error

%Matlab's Polyfit Method
[coeffs_poly]= polyfit(t,p,4); %Matlab's polyfit
p_poly = polyval(coeffs_poly,t_plot); %Matlab's polyval
error_poly = sum((polyval(coeffs_poly,t)-p).^2)/n; %Poly error

%Matlab's Polyfit with Centering/Scaling Method
[coeffs_poly2, s, mu]= polyfit(t,p,4); %Matlab's polyfit
p_poly2 = polyval(coeffs_poly2,t_plot, s, mu); %Matlab's polyval
error_poly2 = sum((polyval(coeffs_poly2,t,s,mu)-p).^2)/n; %Poly error

%Lagrange Method
p_lag = LagrangeInterpolation(t,p,t_plot); %Lagrange interpolation
error_lag = sum((LagrangeInterpolation(t,p,t)-p).^2)/n; %Lag error

%Plot for Part a
figure
plot (t,p,'*',t_plot,p_van)
xlabel('t (Year)')
ylabel('p(t)')
title('Polynomial Comparison')
legend('Data','Vandermonde','location','northwest')

%Plot for Part b
figure
plot (t,p,'*',t_plot,p_van,t_plot,p_poly,'--')
xlabel('t (Year)')
ylabel('p(t)')
title('Polynomial Comparison')
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legend('Data','Vandermonde','Polyfit (without centering/scaling)',...
    'location','northwest')

%Plot for Part c
figure
plot (t,p,'*',t_plot,p_lag,t_plot,p_poly2,'-.')
xlabel('t (Year)')
ylabel('p(t)')
title('Polynomial Comparison')
legend('Data','Lagrange Interpolation',...
    'Polyfit (with centering/scaling)','location','northwest')

Published with MATLAB® R2017b
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%Lagrange Interpolation Function

%This function returns the values of p at the points x, given the set
%of nodes x_k (i.e. xdata) and the values f(x_k) (i.e. ydata).

function [p] = LagrangeInterpolation(xdata,ydata,x)
m = length(x);
n = length(xdata);
p = zeros(1,m);
for k = 1:m
    sum = 0;
    for i = 1:n
      prod = 1;
      for j = [1:i-1 i+1:n]
         prod = prod*((x(k)-xdata(j))/(xdata(i)-xdata(j)));
      end
      sum = sum + ydata(i)*prod;
    end
p(k) = sum;
end
end

Published with MATLAB® R2017b
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Problem 2. The implicit, backward Euler method for the general first order differential
equation

du

dt
= f(u, t)

is given by
un+1 = un + (tn+1 − tn) ∗ f(un+1, tn+1).

Use this method to solve numerically the differential equation

du

dt
=

4t− t3

4 + u3

subject to the initial condition u(−3) = 0.4962108225. Use a constant time step 4t =
tn+1 − tn = 0.05 and advance the solution to t = 3.25. Turn in the code and the plot of u(t)
versus t. Place a grid on your plot that includes a horizontal line at u = 1. NOTE: You will
need to solve a nonlinear equation at each time step.

Solution. Rearranging and substituting gives:

0 = un + (tn+1 − tn) ∗
(4tn+1 − t3n+1

4 + u3
n+1

)
− un+1.

This is the non-linear equation that must be solved at each time step in order to solve for
un+1. To do this, I used the Newtons Method function that I submitted with Homework
2. It utilizes a 2nd order central difference method to approximate the derivative, a
convergence tolerance of 1e-6, and an initial guess of un. Solving for un+1 at each time
step results in the following plot:

Note that if a much smaller 4t is used, the plot just touches the ‘u = 1 line’ at t = 0. See
the following script, and Newton Method function, to see how this result was generated.
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%MATH3340 - 02
%Final Project
%Problem 2
%David Tobin

clear
clc
close all
set(0,'defaultAxesFontSize',15)

t = -3:0.05:3.25; %Time discretization
n = length(t);
u = zeros(1,n);
u(1) = 0.4962108225; %Initial condition

%du/dt:
f = @(u,t) (4*t-t^3)/(4+u^3);
%Non-linear equation to be solved:
g = @(ua,ub,ta,tb) ua+(tb-ta)*f(ub,tb)-ub;

%Solve non-linear equation at each time step
for i=2:n
    u(i) = newtonF(@(ub) g(u(i-1),ub,t(i-1),t(i)),u(i-1),1e-6,100);
end

%Format Plot
figure
plot(t,u,t,ones(n),'r')
grid on
xlabel('t')
ylabel('u')
title('u(t)')
legend('u(t)','u=1','location','north')
xlim([-3,3.25])

Published with MATLAB® R2017b
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%Non-recursive Newton's Method Function

function [sol] = newtonF(f,x0,a,nmax)
%Initializes variables
x = x0;
n = 0;
doLoop = true; %Forces while loop to run at least once (because Matlab
               %does not have a 'doWhile' loop equivalent.)
while doLoop
    %Defines dx term relative to x, while preventing it from being 0
    if x == 0
      dx = 0.00001;
    else
       dx = .001*x;
    end
    %Calculates the slope of f at x using a 2nd order central
    %difference method
    df = (f(x+1*dx)-f(x-1*dx))/(2*dx);
    %Returns an error if the found derivitive is 0
    if df == 0
        fprintf (['The derivitave has converged to 0 within',...
         ' machine precision!\nTry providing a new initial guess.\n'])
        sol = 0;
        return
    end
    %Redefines x according to Newtons method, redefines x_old, and
    %incriments n
    x_old = x;
    x = x - f(x)/df;
    n = n+1;
    %Returns an error if the number of iterations has reached nmax
    if n == nmax
        fprintf (['No solution has been found within %d',...
            ' iterations!\nTry providing a new initial',...
            'guess.\n'],nmax)
        sol = 0;
        return
    end
    %Indirectly stops the while loop if the estimated relative error
    %has reached the given accuracy (a solution has been found).
    if abs((x-x_old)/x_old) < a
      doLoop = false;
    end
end
%Returns the solution and number of iterations
sol = x;
end

Published with MATLAB® R2017b
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Problem 3. Solve the boundary-value problem

u′′ =
3

326
(uu′ − 66u− 90u′ − 3t5 + 25t4)− 2180

326

with u(0) = 0 and u(3) = −6 for 0 ≤ t ≤ 3, using the shooting method with RK4 as the
main integration engine. The following results need to be presented:

(a) the value of u′(0) that ensures that u(3) = −6.

(b) the plot of u(t) versus t.

(c) the value u(1) computed with a time step 4t = 0.01.

Solution.

(a) u(3) = −6 when u′(0) = 4

(b)

(c) u(1) = 5.868370e− 7

See the following script, and 4th Order Runge-Kutta function to see how these results
were calculated.
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%MATH3340 - 02
%Final Project
%Problem 3
%David Tobin

clear, clc, close all, set(0,'defaultAxesFontSize',15)

%Time discretization:
t0 = 0;
tf = 3;
dt = 1e-2;

%Boundary conditions:
u0 = 0;
uf = -6;

%Anonymous functions for du/dt and dw/dt:
U = @(t,u,w) w;
W = @(t,u,w) 3/326*(u*w-66*u-90*w-3*t^5+25*t^4)-2180/326;

%Bisection method:
wH = 10;
wL = -10;
error = 1;
while(abs(error)>1e-6)
    wM = (wH+wL)/2;
    [~,u,~] = RK4(t0,tf,dt,u0,wM,U,W);
    error = u(end)-uf;
    if error > 0
        wH = wM;
    elseif error < 0
        wL = wM;
    end
end

%Part a
[t,u,~] = RK4(t0,tf,dt,u0,wM,U,W);
fprintf('A w0 value of %0.3f results in u(3) = %0.3f\n',wM,u(end))

%Part b
%plot(t,u)
%xlabel('t')
%ylabel('u(t)')
%title('u(t)')

%Part c
fprintf('u(1) = %d\n',u(101))

A w0 value of 4.000 results in u(3) = -6.000
u(1) = 5.868370e-07

Published with MATLAB® R2017b
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%Runge-Kutta 4th Order 2 ODE's Function

%This function uses the 4th Order Runge-Kutta method to simultaneously
%solve a system of 2 ODE's given x0, xf, constant spacing h, y0, z0,
%and the two ODEs, Y and Z.

function [x,y,z] = RK4(x0,xf,h,y0,z0,Y,Z)
    x = x0:h:xf;
    n = length(x);
    y = zeros(1,n);
    z = zeros(1,n);
    y(1) = y0;
    z(1) = z0;
    for i = 1:n-1
        Ky1 = Y(x(i),y(i),z(i));
        Kz1 = Z(x(i),y(i),z(i));
        Ky2 = Y(x(i)+h/2,y(i)+Ky1*h/2,z(i)+Kz1*h/2);
        Kz2 = Z(x(i)+h/2,y(i)+Ky1*h/2,z(i)+Kz1*h/2);
        Ky3 = Y(x(i)+h/2,y(i)+Ky2*h/2,z(i)+Kz2*h/2);
        Kz3 = Z(x(i)+h/2,y(i)+Ky2*h/2,z(i)+Kz2*h/2);
        Ky4 = Y(x(i)+h,y(i)+h*Ky3,z(i)+h*Kz3);
        Kz4 = Z(x(i)+h,y(i)+h*Ky3,z(i)+h*Kz3);
        y(i+1) = y(i) + (Ky1+2*Ky2+2*Ky3+Ky4)*h/6;
        z(i+1) = z(i) + (Kz1+2*Kz2+2*Kz3+Kz4)*h/6;
    end
end

Published with MATLAB® R2017b
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Problem 4. This problem requires you to interpolate the function u(t) found in the previous
problem. Consider the results computed in part (c) above, obtained with 4t = 0.01; use
the values {tk, uk} for k = 0, 1, ..., 6, where tk = 0.5 ∗ k and uk = u

(
tk
)

, as your data set.
Compute the polynomial interpolant going through all the points in this data set. Plot it
versus t, together with your solution u(t), on the same plot. Since you already have u(t) on
a fine grid with spacing 4t = 0.01, use the same fine grid to plot the polynomial. In order
to further check your understanding of interpolation, consider the following table:

where you’ll fill in the values in the last line from your results, but this time skipping the
value at t = 2. Using the recursive formulation based on the polynomials Qij(t) (on which
you worked by hand in homework 5), create the full table of possible interpolation values of
the function u(t) at t = 2.0 using this time a computer code to perform the computation.
Turn in the code and the tabulated values.

Solution. I calculated the global polynomial using the same Lagrange interpolation
function that I used on Problem 1. The following plot shows the resulting polynomial
compared to the solution from Problem 3:
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After neglecting k = 4, there are 6 points to consider when tabulating the recursive
generation of the Lagrange interpolant. The resulting table is as follows (where 0 entries
represent blank entries):

At this point, we can confidently say that u(t) is a cubic function. Not only does it ‘look
like’ a cubic function in the plot, but the recursive table shows us that only 4 points
are needed until the interpolant value matches the global interpolant. In other words,
the cubic function can be modeled exactly with 4 points, and any additional points are
redundant.

See the following script for details of how the plot and table were created.
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%MATH3340 - 02
%Final Project
%Problem 4
%David Tobin

clear
clc
close all
set(0,'defaultAxesFontSize',15)

%RE-USE PROBLEM 3 SCRIPT:

%Time discretization:
t0 = 0;
tf = 3;
dt = 1e-2;

%Boundary conditions:
u0 = 0;
uf = -6;

%Anonymous functions for du/dt and dw/dt:
U = @(t,u,w) w;
W = @(t,u,w) 3/326*(u*w-66*u-90*w-3*t^5+25*t^4)-2180/326;

%Bisection method:
wH = 10;
wL = -10;
error = 1;
while(abs(error)>1e-6)
    wM = (wH+wL)/2;
    [~,u,~] = RK4(t0,tf,dt,u0,wM,U,W);
    error = u(end)-uf;
    if error > 0
        wH = wM;
    elseif error < 0
        wL = wM;
    end
end
[t,u,w] = RK4(t0,tf,dt,u0,wM,U,W);

1
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%FIRST PART OF PROBLEM 4:

%Creat tk and uk
k = 0:1:6;
tk = 0.5.*k;
uk = u(tk/dt+1);

%Use Lagrange interpolation to find global polynomial
p = LagrangeInterpolation(tk,uk,t);

%Format Plot
figure
plot(t,u,t,p,'--')
xlabel('t')
ylabel('u')
title('u(t)')
legend('Problem 3 Solution','Lagrange Polynomial')

%SECOND PART OF PROBLEM 4:

%Remove t=2 entry
k(5) = [];
tk(5) = [];
uk(5) = [];

%Create recursive table (i.e. matrix)
T = 2;
n = length(tk);
Q = zeros(n,3+n-1);
Q(:,1) = k;
Q(:,2) = tk;
Q(:,3) = uk;
for i = 2:n
    for j = 4:i+2
        Q(i,j) = ((T-Q(i-j+3,2))*Q(i,j-1)-(T-Q(i,2))*Q(i-1,j-1))/...
            (Q(i,2)-Q(i-j+3,2));
    end
end

%Print Table
fprintf(['|  k  |   tk   |  Q(k,0)  |  Q(k,1) |  Q(k,2) |'...
    '  Q(k,3) |  Q(k,4) |  Q(k,5) |\n-------------------------'...
    '----------------------------------------------------\n'])
for i = 1:n
    fprintf(['|  %d  |   %0.1f  |  %+0.3f  |  %+0.2f  |'...
        '  %+0.2f  |  %+0.2f  |  %+0.2f  |  %+0.2f  |\n'],...
        k(i),tk(i),Q(i,3),Q(i,4),Q(i,5),Q(i,6),Q(i,7),Q(i,8))
end

Published with MATLAB® R2017b
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